We completely determine the spectrum for perfect dexagon triple systems.
Introduction
A -fold triple system of order n is a pair (X, T ), where T is a collection of edge disjoint triangles (or triples) which partitions the edge set of K n (= every pair of vertices is connected by edges) with vertex set X. When = 1 we have a Steiner triple system. It is well-known that the spectrum for Steiner triple systems (= the set of all n such that a Steiner triple system of order n exists) is precisely the set of all n ≡ 1 or 3 (mod 6) [4] and that if (X, T ) is a Steiner triple system of order n, then |T | = n(n − 1)/6.
The graph given below is called a hexagon triple and a hexagon triple system of order n is a pair (X, H ), where H is a collection of edge disjoint hexagon triples which partitions the edge set of 3K n . Note that a hexagon triple consists of three triples and so we can think of a hexagon triple system as the piecing together of the triples of a 3-fold triple system [1] into hexagon triples. Also note that H = n(n − 1)/6 is the number of triples in a Steiner triple system. A hexagon triple system with the additional property that the inside triples form a Steiner triple system is said to be perfect. In [5] , Kucukcifci and Lindner have shown that the spectrum for perfect hexagon triple systems is the same as for Steiner triple systems (all n ≡ 1 or 3 (mod 6)). Subsequently, Lucia Gionfriddo proved that every Steiner triple system is the inside of some perfect hexagon triple system [3] . Now since a Steiner triple system is a block design with block size 3, the following problem is obvious: for a given block size k, under what conditions can the triples of a 3-fold triple system be pieced together k 2 at a time to form copies of K k so that the resulting collection of copies of K k is a block design with = 1? The principal result in this paper is a complete solution of this problem for block designs with block size 4. In particular, we show that a necessary and sufficient condition for the existence of a 3-fold triple system that can be pieced together to form a block design with block size 4 is n ≡ 1 (mod 12). Some specifics are in order.
Dexagon triple systems
The accompanying graph is called a dexagon triple and a dexagon triple system of order n is a pair (X, D), where D is a collection of edge disjoint dexagon triples which partitions the edge set of 3K n . Note that a dexagon triple consists of six triples and so we can think of a dexagon triple system as the piecing together of the triples of a 3-fold triple system into dexagon triples. As with perfect hexagon triple systems, a dexagon triple system is said to be perfect if the "inside" copies of K 4 form a block design. (Note that the shaded triples form a 3-fold triple system of order 13 and the inside edges form a block design of order 13.)
Example 2.2 (Nonperfect dexagon triple system of order 13). Develop the dexagon triple d 2 (mod 13).
(Note that the shaded triples form a 3-fold triple system of order 13, but the inside edges DO NOT form a block design of order 13; for example, the inside edges do not cover length 3.) by {x, {a, y}, {c, z}, {e, w}}.
Note that if a, b, c, d, e, f , x, y, z, and w are distinct then their union is a dexagon triple. In this case the six edges {a, c}, {c, e}, {e, a}, {x, a}, {x, c}, and {x, e} form a copy of K 4 and are called the inside edges of the dexagon.
Cyclic dexagon triple systems
If a collection of dexagon triples forms a perfect dexagon triple system, then the set of K 4 s consisting of the inner edges of all of the dexagon triples in the collection is said to have an inflation.
Theorem 3.1. Let (X, B) be an arbitrary cyclic Steiner system S(2, 4, n) with n ≡ 1 (mod 12). Then (X, B) has an inflation; i.e., there exists a perfect dexagon triple system (X, D) such that the resulting collection of blocks formed from the inside edges of the dexagon triples is precisely the set of blocks B.
Proof. Let (Z n , B) be a cyclic S(2, 4, n) with n ≡ 1 (mod 12) and i → i + 1 (mod n) its cyclic automorphism. This automorphism partitions the blocks into (n − 1)/12 orbits. If {x 1 , x 2 , x 3 , x 4 } is a base block, for each edge
y) denotes the (circular) distance of x and y.) We claim that the 10 vertices x 1 , x 2 , x 3 , x 4 , z 12 , z 13 , z 14 , z 23 , z 24 , z 34 are all distinct. We know that x i , x j , i = j , are distinct as well as the differences
, and ±(x 2 − x 1 ). It is clear that for any inner vertex x i , the vertex x i and its six neighbors are distinct. Hence it suffices to show that, say, (x 1 + x 2 )/2 and (x 2 + x 3 )/2 (or x 1 and (n + x 2 + x 3 )/2, as the case may be) are distinct and, say, (x 1 + x 2 )/2 and (x 3 + x 4 )/2 are distinct. In the first case, (
which is a contradiction. In the second case,
The statement of the theorem now follows easily from the fact that since the collection of base blocks of (X, B) covers each nonzero difference exactly once, the collection of outside edges in all resulting dexagon triples covers each nonzero difference exactly twice. The resulting perfect dexagon triple system is cyclic.
We remark that the existence of cyclic Steiner systems S(2, 4, v) remains unsettled. However, several infinite classes of cyclic S(2, 4, v) are known [2] . In particular, it is known that cyclic S(2, 4, v)s exist for all v ≡ 1 (mod 12), 13 v 253, except that no cyclic S(2, 4, 25) exists (and hence the necessity for Example 2.3 in the proof of Theorem 6.1).
Nesting group divisible designs
Let (X, G, B) be a 2-fold group divisible design (GDD) with block size 4. (Every pair of vertices belonging to different groups are connected by two edges.) Let T be a collection of triples obtained by removing a star K 1, 3 
from each block of B. If (X, G, T ) is a GDD, we will say that (X, G, T ) is nested in (X, G, B). Note that (X, G, T ) is a 1-fold GDD. The following two examples are crucial in what follows.

Example 4.1 (2-Fold (8, 2, 4)-GDD containing a nested (8, 2, 3)-GDD).
X = {1, 2, 3, 4, 5, 6, 7, 8}, G = {{1, 2}, {3, 4}, {5, 6}, {7, 8}}, and B = {{1, 4, 5, 8}, {1, 3, 8, 6}, {1, 6, 7, 4}, {3, 5, 7, 1}, {2, 3, 6, 7}, {2, 4, 7, 5}, {2, 5, 8, 3}, {4, 6, 8, 2}} . {{a, b, c}|{a, b, c, d} ∈ B}. Then (X, G, T 1 ) is a (8, 2, 3 )-GDD and is nested in B. Fold (14, 2, 4)-GDD containing a nested (14, 2, 3)-GDD) . Let 14, 2, 3 )-GDD and is nested in B.
Example 4.2 (2-
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ X = {1, 2, 3, . . . , 14}, G = {{1, 2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}, {11, 12},T 2 = {{a, b, c}|{a, b, c, d} ∈ B}. Then (X, G, T 2 ) is a (
Group divisible dexagon triple systems
A group divisible dexagon triple system (GDDX) of order ng is a triple (X, G, D), where |X| = ng, G is a set of n groups of size g (which partition X), and D is a collection of edge disjoint dexagon triples which partitions 3K n g (=every pair of vertices in different groups are connected by three edges). We will say that (X, G, D) is a (ng, g, 10 * )-GDDX. 2-fold (2x, 2, 4)-GDD (X, G, B) containing a nested (2x, 2, 3)-GDD (X, G, T 1 ) and a  (2x, 2, 3 
Lemma 5.1. If there exists a
Proof. Let (X, G, B) be a 2-fold (2x, 2, 4)-GDD containing the nested (2x, 2, 3)-GDD (X, G, T 1 ) . Let 2X=X×{1, 2}, 2G = {g × {1, 2}|g ∈ G}, and define a collection of blocks 2B as follows: for each block {a, b, c, d} ∈ B, where t = {a, b, c} ∈ T 1 , put the two blocks { (a, 1), (b, 1), (c, 1) 
(1) For each triple {a, b, c} ∈ T 1 , place three copies of each of the three triples { (a, 1), (b, 1), (c, 2)}, {(a, 1), (b, 2) , (c, 1)}, and
We now combine the triples in T into groups of six triples to form dexagon triples so that each of the inside blocks belong to 2B.
There are two cases to consider: (ii) Let h 2 be the hexagon triple 2) ], where the triples {a, e, b}, {b, f, c}, and {c, g, a} ∈ T 2 , and t 2 the star triple 
Perfect dexagon triple systems
The results in [6] give a (3x, 3, {4, 7})-GDD (X, G, B) for all 3x 12, 3x = 18. Now "blow up" each vertex in X to size 4 by giving each vertex weight 4. Define a collection D of dexagon triples on {∞} ∪ ({1, 2, 3, 4} × X) as follows: Then (X, D) is a perfect dexagon triple system of order 12x + 1. This gives a perfect dexagon triple system of every order n ≡ 1 (mod 12), except for n = 25, 37, and 73. These cases are handled in Example 2.3 and in Section 3. We have the following theorem. Theorem 6.1. The spectrum for perfect dexagon triple systems is precisely the set of all n ≡ 1 (mod 12).
